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Berglund’s Diffusion Constant Model

Ramiro Barrantes Reynolds

1 Introduction

I worked for a long time in a variation of this model, for various reasons it did not get
published but I wanted to share part of the derivation with the community - as it is not
obvious in the paper - especially if you don’t do calculus every day!!. I hope this will be
useful for someone else.

2 Model

A particle moves on one dimension with time intervals of size 7 on positions {x1, 2, ...,z N }.

The Brownian motion model is governed by the following equation

Tp = Tpn—1+ €,
with €, ~ N(0,0%)
Where 0% = 2D7 with D the diffusion constant.

We also have measurement noise o, (also called localization noise) which is usually
modeled as having observations {y1, y2, . . ., yn } consisting of the true position and some
measurement error:

where ¢, ~ N(0,02).

However, the method suggested by Berglund (Berglund (2010), see also Michalet
and Berglund (2012)) adds the fact that the particle is being imaged by a camera and
subject to the shutter being opened in a given interval of time, giving rise to motion
blur. Therefore he defines a shutter function s(¢) that integrates to unity over the time

interval 7 and defines the observed position on frame k, Yj, as the true position X
averaged by the shutter function plus the measurement noise ¢,

kT
Yk = / s(t— (k= 1D71)X(t)dt + ¢
(k—1)1

Where ¢;, ~ N(0,02).

This leads to the following multivariate normal distribution for the displacements
Ak = Ykt1 — Yk
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2D7 —2(2DR7 —0%) =0 —2Ro — 202 ifi=j
(AiAjYy = 2DRT —02=0R—o2if |i—j| =1

0 otherwise

where, if S(t) = fot s(u)du,

R= % (/OT s(EHt'dt’ — /OT /OT s(t)s(t’)mm(t,t’)dtdt’> = /OT S(t)(1 — S(t)dt

R would be a motion blur coefficient with 0 < R < 1/4.
(see Berglund (2010) and the supplement for the derivation)

Therefore we have the likelihood as

p(yh e 7yp|0-a O-CaR) = p(Ala .. 'aAp—l) = Np(07 Z)

Where ) is as defined above.

Finally, we want to study the case where we know the sequence of hidden states
S ={s1,82,...,8n}, where s; € {1,..., K} with N the number of diffusion states and,
instead of a single oa, we have {o1,09,...,0K} as the actual diffusion states. Then
we will set the joint distribution including the hidden states to be the product of the
separate joint distributions for each state:

p(Yaala"'a0K7UC):p(y17"'7yN7517'"78N7ala"'7UK;Uc)

K
= |TL pwis- - v |ows00) | Do o)
k=1
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The method suggested by Berglund and Michalet (Berglund (2010); Michalet and Berglund
(2012)) add the fact that the particle is being imaged by a camera and subject to the
shutter being opened in a given interval of time, giving rise to motion blur. Therefore
we define a shutter function s(t) that integrates to unity over the time interval 7 and
define the observed position on frame k, Yy, as the true position X averaged by the
shutter function plus the localization noise ¢,

kT
Y, = / s(t — (k — 1)7) X (£)dt + b
(k—1)T

Where ¢ ~ N(0,02).



We also assume that the particle follows Brownian motion so,
() = (X ((k +1)7) = X (k7))?) = 2D7

For the derivation below we will use the following result:

<Xtmae(t,)XtTue(t,,)> = <[Xt7‘ue(tl -1)+ Et’][Xtrue(t” -1)+ Et”]>
<[Xt7"u.c(t/ —2)+ey_1+ Et/][Xtruc(t” —2)+€r_q +eur])

t/ t//
= (Xerue 0) + Y eilXirue(0) + > 650)
i=1 j=1
tl t// t// tl/

= <Xt21‘uc(0) + Xtrue(0) Z €5 + Xtrue(0) Z € + Z €; Z €5)

j=1 i=1 i=1  j=1

g !

t/ g
= (e (O) + (Xirue (0 Y Je) + Kerae® Y e + e o),
j=1 i=1 i=1 j=1

! ¢

= X7,.(0) + (Z € Z €5)

i=1  j=1

min(t',t"") maz(t',t")
=X @ Y dr > )
i=1 j=min(t/ t"")+1
min(t’ t'") maaz(t' t')

= X7 (0) + Z () + Z (e5)
i=1

j=min(t/,t')+1

= X2

true

(0) + min(t',t"")2D

We now want to find the distribution for the measured displacements Ay = Yj11—Y5%.
First we see that, using the substitution u =t — (k — 1)7:

kT T
i = /( (= (k= 1)P)XOde+ 0 = [ sl (5= 1)7) X (i

k—1)T

And we have:

(ArAg_1) = (Yerr = Y)Y — Y1)
= ((Viy1Ye) — (Vg1 Y1) — (YaYe) + (YaYi1))
= (Yit1Ye) = (Yip1 Y1) — (YY) + (Y Yi-1)

Using (2.1) we can determine (Y;41Y%), (YiY:) and (Yi1Yi—1) as follows



(Y1 Yi) = ((/ s(t)X(t + kr)dt + ¢k+1)(/ s()X(t' + (k= D)7)dt’ + ¢))
0 0
= (/ s(t)X(t+ kT)dt/ s()XE + (k= 1)m)dt’) + <¢k/ s(t)X(t + kr)dt) + (P41 / s(NXE + (k= 1)m)dt’) + (P11 9]
0 0 0 0
= (/ / s(t)s(t )X (t + kT) X (t" + (k — 1)7)dtdt’)
0 0

T

/ s()s(t' WX (t+ kT)X (' + (k—1)7))dtdt’
0

/
/ / s(t)s(t)[X(0)? 4+ 2Dt + (k — 1))7)]dtdt’
= X(0 / / s(t)s(t')dtdt’ +2D/ / s(t)s(t')tdtdt’ +2D(k71)7—/ / s(t)s(t')dtdt’

= Xx(0)* +2D/ s(t)tdt +2D(k — 1)7
0

(2.2)

and,

T

(YiYi) = ((

o\

s(OX(E+ (k- 1)7)dt + dm)(/ s()X (" + (k= DT)dt’ + 1))
0

T

sOX @+ (k- 1)T)dt/ s(t)X (A + (k= D)r)dt’) + <2<¢>k/ s(t)X (A + (k= 1)7)dt') + ($rodw)
0 0

s(t (tYX(t+ (k— D)T)X(t + (k — 1)7)dtdt’) + o>

I
—~

I
\Q

Il
>< —

s(t)s(t )X (0)2 + 2D(min(t, t') + (k — 1)7)]dtdt’ + o>

/ s@)s(E WX+ (k— D)T)X (' + (k — 1)7))dtdt’ + o
0% + 2D/ / s(t)s(t ymin(t, t')dtdt’ + 2D (k — 1)7'/ / s(t)s(t)dtdt’ + o

=X(0)? + 2D/ / s(t)s(t ymin(t, t')dtdt’ + 2D(k — 1)1 + o>
0 0 (2.3)

And



(Yip1Yi—1) = ((/ s(t) X (t + k7)dt + ¢k+1)(/ sE)XE + (k—2)7)dt + dr_1))
0

s(t)s(t)X(t + kT)X(t' + (k — 2)7)dtdt’)

s(t)s(t')[X(0)> +2D(t' + (k — 2)7)]dtdt’

/ / s(t)s(t' WX (t + kT)X(t' + (k — 2)7))dtdt’ (2.4)
=X(0

(0)? +2D/ s(t)t'dt’ +2D(k — 2)T
Using (2.2), (2.3) and (2.4) together:

(ApAg-1) = Yet1Ye) = (Y1 Y1) — (YeYe) + (Y Yi-1)

=X(0)*+2D [ s(t)dt'+2D(k —1)r

0
—(X(0)2+2D ' s(tt'dt' +2D(k — 2)1)
0
—(X(0)2+2D ’ /T s(t)s(tymin(t,t")dtdt' + 2D(k — 1)) + o?)
0 0

= 2D/ s(t"t'dt — 2D / s(t)s(t)ymin(t, t")dtdt' — o>
0 0 0

=2D (/OT s(t')t'dt — OT /OT S(t)s(t’)min(t,t’)dtdt’> -

Analogously,



(ArAgR) = (Y1 — Y)Yy — Ya)
= (Yt 1Yry1) — 2(Yer1 Vi) — (YY)
= (X(0)> 42D ’ /T s(t)s(tYmin(t,t")dtdt' + 2DkT) + o?)
0 0

-2 (X(o)2 +2D [ s)t'dt' +2D(k — 1)7)
0

(X(0)2 +2D / ’ / " s()s(#ymin(t, )dtdt +2D(k — 1)) + 0?)

=4D / s(t)s(t"yman(t,t)dtdt’ — 4D/ Ndt' + 2Dt 4 202
o Jo

=2D7 —2 [2D (/ Nt'dt' — / / tYmin(t,t )dtdt’> - 02]

We also have that for the case |k — j| > 1, assuming without loss of generality that
kij,
(ArA;) = (Vier = Vi) (Vi1 — Y5)
= Yes1Yjr1) — (Ve ¥5) — (YY) + (ViY5)
=2Djr —2D(j — 1)t —2Djr +2D(j — )T
=0
Hence if we define R = L ([ s(t")¢'dt’ — [ [; s(t)s(t)min(t,t')dtdt’) we see that

the displacements have a multlvarlate normal dlstrlbutlon centered at zero and with a
co-variance matrix as follows:

<AkAk_1> =2DTR — 02
(ArAy) =2D7 — 2 (2DTR — 0%)
<A1A]> =0 if —i-j—;1

This implies correlation between consecutive displacements.

In addition, if we define S(¢ fo u)du we have:

sz_(/ Nt'dt’ — // Nmin(t,t’ dtdt) /S (1—S(t)dt

This can be seen by the following:

First, using integration by parts:



AT t's(t")dt' =t'(S(t) — 1)|§ — /OT(S(t) —1)dt
:o—A(mw—nﬁ (2.5)
:/X1_mmm
0

Then we also have, using an index function where

1 _J 1, if...is true,
Gy = 0, otherwise

So for t,t' € [0, 7]

mzn{t,t/}:/ 1{u§t7u§t/}du :/ ]l{ugt}ll{ugt/}du
0 0

And

/ / mmtt)dtdt':/T

s(t)s(t’)/ Liu<ty Liu<eydudtdt’
0

S(t)]l{ugt}dt / S(t/)ﬂ{ugt/}dt/du
0 (2.6)

:\O\ﬂo\

t t
s(t)dt/ s(t')dt' du

(1—S(u)’ du

Now, combining (2.5) and (2.6)

R= % (/ Nt'dt' — / / ymin(t t)dtdt’) = i/OT(l — S(u))du — /OT(l — S(u))? du
[a-swa-
JCEED)

: (1= (1= 5(u))) du
% S(u)du

Derivation of Berglund’s Estimator. Derivation of Berglund’s Estimator
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